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a b s t r a c t
We provide several new inequalities involving λn, the median of the gamma distribution
of order n+ 1 with parameter 1. Among others, we present sharp upper and lower bounds
for the arithmetic mean of λ1, λ2, . . . , λn. For all integers n > 1 we have
α
n
+ 7
6
+ n
2
+ 8
405
Hn
n
<
1
n
n∑
k=1
λk 6
β
n
+ 7
6
+ n
2
+ 8
405
Hn
n
with the best possible constants
α =
∞∑
k=1
(
λk − k− 23 −
8
405k
)
= −0.0150 . . . and
β = λ1 − 683405 = −0.0080 . . . .
Here, Hn denotes the nth harmonic number.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
Let X be a random variable with distribution function F(x) = P(X 6 x), where x ∈ R. The median of X is given by
inf{x ∈ R | F(x) > 1/2}.
If n > 0 is an integer and Xn is a random variable having the 0(n+ 1, 1) distribution, that is,
P(Xn 6 x) = 1n!
∫ x
0
e−t tndt (x > 0),
then the median of Xn, denoted by λn, is the unique solution of P(Xn 6 λn) = 1/2.
In the recent past, several papers have appeared providing interesting properties of λn. Choi [1] presented the double-
inequality
n+ 2
3
< λn 6 min
(
n+ log 2, n+ 2
3
+ 1
2(n+ 1)
)
(n = 0, 1, 2, . . .). (1)
A refinement of (1) was given in [2] (see Lemma 1 in Section 2).
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Choi also provided the asymptotic formula
λn = n+ 23 +
8
405n
− 64
5103n2
+ 2944
492 075n3
+ O
(
1
n4
)
, (2)
and he showed that there is a connection between λn and Ramanujan’s sequence
θn = n!nn
(
1
2
en −
n−1∑
k=0
nk
k!
)
,
namely
1− θn =
( e
n
)n ∫ λn
n
e−t tndt.
More details about Ramanujan’s sequence (θn) can be found in [3]. Chen and Rubin [4] conjectured that (λn−n) is decreasing
for n > 0. This conjecture was settled in [5–7]. In [8], it is proved that (λn) is strictly convex for n > 0, that is, (λn − λn−1) is
strictly increasing for n > 1. The following extension of these monotonicity results can be found in [2]:
(−1)k∆k(λn − n) > 0 (n = 1, 2, . . . ; k = 1, 2, . . . , 6). (3)
Here,∆kzn is defined recursively by
∆1zn = zn+1 − zn, ∆k+1zn = ∆1(∆kzn) (k = 1, 2, . . .).
It is the aim of this paper to present various new inequalities for λn. More precisely, we offer sharp upper and lower
bounds for
λn
n
− λn+1
n+ 1 , λ
1/n
n − λ1/(n+1)n+1 ,
λ2n
λn−1λn+1
,
1
λn−1
− 2
λn
+ 1
λn+1
,
λn−1 + λn+1 − λ2n
λn
,
and for the arithmetic, geometric, and harmonic means of λ1, . . . , λn, and the arithmetic mean of λn, . . . , λn+l−1.
In Section 2 we present two lemmas. Our main results are given in Section 3. The numerical and algebraic computations
have been carried out via the computer program ‘MAPLE V, Release 5.1’.
2. Lemmas
Our first lemma is due to Adell and Jodrá [2]. It improves the bounds for λn given in (1).
Lemma 1. Let
q1 = 8405 , q2 = −
64
5103
, q3 = 2944492 075 ,
q4 = − 20 182 52815 345 358 875 , q5 = −
8465 604 608
12 567 848 918 625
,
q6 = 527 611 584 5121696 659 604 014 375 , q7 =
101 756 461 251 198 976
136 284 182 692 454 671 875
.
Further, let
an = n+ 23 +
6∑
j=1
qj
nj
and bn = an + q7n7 .
Then we have for n > 1:
an < λn < bn.
Remark 2. A short calculation yields for n > 1:
7∑
j=2
qj
nj
< 0 <
6∑
j=3
qj
nj
,
so that Lemma 1 leads to
An < λn < Bn (n = 1, 2, . . .), (4)
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where
An = n+ 23 +
8
405n
− 64
5103n2
and Bn = n+ 23 +
8
405n
.
We also need the following technical lemma. Since the proofs for the estimates (5)–(8) are similar, we only establish (5)
and (6).
Lemma 3. (i) For all real numbers x > 170 we have(
x+ 3
4
)1/x
< 1+ log x
x
+ 2+ (log x)
2
2x2
. (5)
(ii) For all real numbers x > 71 we have(
x+ 5
3
)1/(x+1)
> 1+ log x
x
+ 2− 2 log x+ (log x)
2
2x2
. (6)
(iii) For all real numbers x > 35 we have(
x+ 7
4
)1/(x+1)
< 1+ log x
x
+ 5− 2 log x+ (log x)
2
2x2
. (7)
(iv) For all real numbers x > 5 we have(
x+ 2
3
)1/x
> 1+ log x
x
+ 1+ (log x)
2
2x2
. (8)
Proof. (i) We define for x > 170:
f (x) = log
(
1+ log x
x
+ 2+ (log x)
2
2x2
)
− 1
x
log
(
x+ 3
4
)
.
Differentiation gives
x2(4x+ 3) (2x2 + 2+ 2x log x+ (log x)2) f ′(x) = f1(x) log(x+ 3/4)+ f2(x), (9)
where
f1(x) = 8x3 + 6x2 + 8x+ 6+ (8x2 + 6x) log x+ (4x+ 3)(log x)2
and
f2(x) = −10x2 − 20x+ (−8x3 − 6x2 + 6x) log x+ (−8x2 − 10x)(log x)2.
Since
log
(
x+ 3
4
)
< log x+ 3
4x
,
we obtain
f1(x) log
(
x+ 3
4
)
+ f2(x) < f1(x)
(
log x+ 3
4x
)
+ f2(x) = f3(x), say. (10)
Applying
log x
x
<
1
25
and
(log x)3
x
<
4
5
,
we get
1
x2
f3(x) =
(
4+ 3
x
)
(log x)3
x
+
(
−4+ 3
x
+ 9
4x2
)
(log x)2
x
+
(
20+ 21
2x
)
log x
x
− 4− 31
2x
+ 6
x2
+ 9
2x3
<
(
4+ 3
x
)
4
5
+
(
20+ 21
2x
)
1
25
− 4− 31
2x
+ 6
x2
+ 9
2x3
= 1
x3
(
−317
25
x2 + 6x+ 9
2
)
< 0. (11)
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Combining (9)–(11) yields
f ′(x) < 0 and f (x) > lim
t→∞ f (t) = 0.
This proves (5).
(ii) We define for x > 71:
g(x) = 1
x+ 1 log
(
x+ 5
3
)
− log
(
1+ log x
x
+ 2− 2 log x+ (log x)
2
2x2
)
.
Then we obtain
x(3x+ 5)(x+ 1)2 (2x2 + 2+ 2(x− 1) log x+ (log x)2) g ′(x) = −g1(x) log(x+ 53
)
+ g2(x), (12)
where
g1(x) = 6x4 + 10x3 + 6x2 + 10x+ (6x3 + 4x2 − 10x) log x+ (3x2 + 5x)(log x)2
and
g2(x) = 2x3 + 46x2 + 74x+ 30+ (6x4 + 10x3 − 40x2 − 74x− 30) log x+ (6x3 + 25x2 + 29x+ 10)(log x)2.
Since
log
(
x+ 5
3
)
> log x+ 4
3x
,
we see that
− g1(x) log
(
x+ 5
3
)
+ g2(x) < −g1(x)
(
log x+ 4
3x
)
+ g2(x) = g3(x), say. (13)
We have
1
x3
g3(x) = −
(
3+ 5
x
)
(log x)3
x
−
(
54+ 268
3x
+ 50
3x2
)
log x
x
+ g4(x), (14)
where
g4(x) = −6+ 983x +
66
x2
+ 50
3x3
+
(
21+ 35
x
+ 10
3x2
)
(log x)2
x
.
Since x 7→ (log x)2/x is decreasing for x > e2, it follows that g4 is also decreasing on [e2,∞). Hence, we get for x > 71:
g4(x) 6 g4(71) = −0.02 . . . . (15)
From (12)–(15) we conclude that g ′ is negative on [71,∞). Thus,
g(x) > lim
t→∞ g(t) = 0 for x > 71.
This leads to (6). 
3. Inequalities
With the help of the results presented in Sections 1 and 2we are now able to prove our theorems. The first two theorems
provide inequalities involving λn and λn+1.
Theorem 4. For all integers n > 1 we have
α
n(n+ 1) <
λn
n
− λn+1
n+ 1 6
β
n(n+ 1) (16)
with the best possible constants
α = 2
3
and β = 2λ1 − λ2 = 0.6826 . . . . (17)
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Proof. Let n > 1 and
ϕn = (n+ 1)λn − nλn+1.
Applying (3) gives
ϕn+1 − ϕn = −(n+ 1)∆2(λn − n) < 0.
This implies that (ϕn) is strictly decreasing, so that we obtain
lim
k→∞ϕk < ϕn 6 ϕ1 = 2λ1 − λ2. (18)
From (2) we get
λn = n+ 23 +
8
405n
+ ηn,
where ηn = O(1/n2). This yields
ϕn = 23 +
8(2n+ 1)
405n(n+ 1) + (n+ 1)ηn − nηn+1.
Thus,
lim
k→∞ϕk =
2
3
. (19)
From (18) and (19) we conclude that (16) holds for n > 1 with the best possible constants α, β given in (17). 
Theorem 5. For all integers n > 2 we have
α
log n
n2
6 λ1/nn − λ1/(n+1)n+1 < β
log n
n2
(20)
with the best possible constants
α = 4
log 2
(
λ
1/2
2 − λ1/33
)
= 0.5336 . . . and β = 1. (21)
Proof. Applying (4) gives for n > 2:
λ1/nn − λ1/(n+1)n+1 < B1/nn − A1/(n+1)n+1 . (22)
By direct computation we obtain
B1/nn − A1/(n+1)n+1 <
log n
n2
,
for n = 2, 3, . . . , 169. Now, let n > 170. We have
An+1 > n+ 5/3 and Bn < n+ 3/4,
so that Lemma 3(i), (ii) leads to
B1/nn − A1/(n+1)n+1 <
(
1+ log n
n
+ 2+ (log n)
2
2n2
)
−
(
1+ log n
n
+ 2− 2 log n+ (log n)
2
2n2
)
= log n
n2
.
From (22) we conclude that the right-hand side of (20) with β = 1 holds for n > 1.
Let α be given in (21). The left-hand side of (20) is valid for n = 2, 3, . . . , 72 with equality holding for n = 2. Let n > 73.
Then we have
An > n+ 23 , Bn+1 < n+
7
4
, and (1− α) log n > 2.
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Using these estimates and Lemma 3(iii), (iv) yields
λ1/nn − λ1/(n+1)n+1 > A1/nn − B1/(n+1)n+1
>
(
1+ log n
n
+ 1+ (log n)
2
2n2
)
−
(
1+ log n
n
+ 5− 2 log n+ (log n)
2
2n2
)
= −2+ log n
n2
> α
log n
n2
. (23)
Moreover, the second inequality in (20) with β = 1 and (23) give for n > 73:
1− 2
log n
<
n2
log n
(
λ1/nn − λ1/(n+1)n+1
)
< 1.
Hence,
lim
n→∞
n2
log n
(
λ1/nn − λ1/(n+1)n+1
)
= 1.
This implies that in (20) the constant β = 1 is the best possible. 
The next two theorems present inequalities involving λn−1, λn, and λn+1.
Theorem 6. For all integers n > 1 we have
1+ α
n2
6
λ2n
λn−1λn+1
< 1+ β
n2
(24)
with the best possible constants
α = λ
2
1
λ2 log 2
− 1 = 0.5197 . . . and β = 1. (25)
Proof. Applying (4) we obtain for n > 2:(
1+ 1
n2
)
λn−1λn+1 − λ2n >
(
1+ 1
n2
)
An−1An+1 − B2n
= P(n)
651 015 225n2(n2 − 1)2 , (26)
where
P(n) = 851 690 700n5 − 295 404 165n4 − 1767 389 400 n3 + 650 749 642n2 + 784 416 780n− 398 686 277.
Since P is positive on [2,∞), we conclude from (26) that the right-hand side of (24) with β = 1 is valid for n > 2. Moreover,
this is also true for n = 1.
Let α be given in (25). If n = 1, then the sign of equality holds in the first inequality of (24). Let c = 13/25. Using (4) we
get for n > 2:
λ2n −
(
1+ c
n2
)
λn−1λn+1 > A2n −
(
1+ c
n2
)
Bn−1Bn+1
= Q (n)
16 275 380 625n4(n2 − 1) , (27)
where
Q (n) = 7812 182 700n6 − 11 692 503 900n5 − 5002 870 635n4
+ 11 032 888 860n3 − 4771 057 793n2 + 8064 000n− 2560 000.
We have Q (n) > 0 for n > 2, so that (27) implies that the first inequality in (24) holds for n > 2.
From (2) we get the representation
λn = n+ 23 + δn with limn→∞ nδn =
8
405
. (28)
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This leads to(
λ2n
λn−1λn+1
− 1
)
n2 = n
2
n2 − 1
n− 1
λn−1
n+ 1
λn+1
νn
with
νn = 1+ δ2n +
4
3
δn + 13δn+1 −
5
3
δn−1 + 2nδn − nδn+1 − nδn−1 − δn−1δn+1.
Using (28) yields
lim
n→∞
λn
n
= lim
n→∞ νn = 1.
Thus,
lim
n→∞
(
λ2n
λn−1λn+1
− 1
)
n2 = 1.
This reveals that the best possible constant in the second inequality in (24) is β = 1. 
Remark 7. In Section 1 we pointed out that (λn) is strictly convex for n > 0. The left-hand side of (24) implies that (λn) is
also strictly log-concave for n > 0. From these results we conclude that λn separates the geometric and arithmetic means of
λn−1 and λn+1, that is,√
λn−1λn+1 < λn <
λn−1 + λn+1
2
(n = 1, 2, . . .).
Theorem 8. For all integers n > 1 we have
α
n3
6
1
λn−1
− 2
λn
+ 1
λn+1
<
β
n3
(29)
with the best possible constants
α = 1
log 2
+ 1
λ2
− 2
λ1
= 0.6250 . . . and β = 2. (30)
Proof. Let α and β be the numbers defined in (30). If n = 1, then (29) is valid with equality holding in the first inequality.
Let n > 2. Applying (4) leads to
2
n3
− 1
λn−1
+ 2
λn
− 1
λn+1
>
2
n3
− 1
An−1
+ 2
Bn
− 1
An+1
= 2R(n)
S(n)
, (31)
where
R(n) =
7∑
k=0
ρknk with ρk ∈ Z (k = 0, 1, . . . , 7)
and
S(n) = n3(405n2 + 270n+ 8)s1(n)s2(n),
with
s1(n) = 25 515n3 − 59 535n2 + 43 029n− 9329
and
s2(n) = 25 515n3 + 93 555n2 + 111 069n+ 42 709.
Estimating the coefficients of R yields
R(n) > 108r1(n)+ 1010n4r2(n),
with
r1(n) = 6700n3 + 650n2 − 1100n− 32
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and
r2(n) = 52n3 + 11n2 − 120n− 22.
Since
r1(n) > 0, r2(n) > 0, s1(n) > 0,
it follows that R(n) and S(n) are positive. From (31) we conclude that the right-hand side of (29) with β = 2 holds for n > 2.
Let c∗ = 63/100. We apply (4) and obtain for n > 2:
1
λn−1
− 2
λn
+ 1
λn+1
− c
∗
n3
>
1
Bn−1
− 2
An
+ 1
Bn+1
− c
∗
n3
= 9
100
R∗(n)
S∗(n)
, (32)
where
R∗(n) =
7∑
k=0
ρ∗k n
k with ρ∗k ∈ Z (k = 0, 1, . . . , 7)
and
S∗(n) = n3(405n2 − 540n+ 143)(405n2 + 1080n+ 683)(25 515n3 + 17 010n2 + 504n− 320).
We have
R∗(n) > 107r∗1 (n)+ 109n4r∗2 (n),
with
r∗1 (n) = 1000n3 − 1200n2 − 83n+ 21
and
r∗2 (n) = 63n3 − 60n2 − 82n+ 67.
Using
r∗1 (n) > 0 and r
∗
2 (n) > 0,
we have R∗(n) > 0. Since S∗(n) is also positive, we get from (32) that the first inequality in (29) is valid for n > 2.
We obtain for n > 2:
2 >
(
1
λn−1
− 2
λn
+ 1
λn+1
)
n3 >
(
1
Bn−1
− 2
An
+ 1
Bn+1
)
n3 =
7∑
k=0
σknk
7∑
k=0
σ ∗k nk
,
with σk, σ ∗k ∈ Z (k = 0, 1, . . . , 7). Since σ7/σ ∗7 = 2, we conclude that
lim
n→∞
(
1
λn−1
− 2
λn
+ 1
λn+1
)
n3 = 2.
This implies that in (29) the constant β = 2 is the best possible. 
Now, we provide bounds for λn−1 + λn+1 − λ2n in terms of λn/n.
Theorem 9. For all integers n > 1 we have
α
λn
n
6 λn−1 + λn+1 − λ2n < β λnn (33)
with the best possible constants
α = λ0
λ1
= 0.4129 . . . and β = 2
3
. (34)
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Proof. We denote by α and β the numbers defined in (34). If n = 1, then (33) is true. Moreover, the sign of equality holds
in the first inequality. Let n > 2. Applying (4) we obtain the estimates
2λn
3n
− λn−1 − λn+1 + λ2n > 2An3n − Bn−1 − Bn+1 + A2n =
8U(n)
76 545n3(n2 − 1) ,
where
U(n) = 3969n4 + 96n3 − 4427n2 − 96n+ 80
and
λn−1 + λn+1 − λ2n − 21λn50n > An−1 + An+1 − B2n −
21Bn
50n
= V (n)
1275 750n2(n2 − 1)2 ,
where
V (n) = 314 685n6 − 319 410n5 − 671 954n4 + 689 220n3 + 303 853n2 − 369 810n− 10 584.
Since U and V are positive on [2,∞), we conclude that (33) is valid for n > 2.
We have
2
3
>
n
λn
(λn−1 + λn+1 − λ2n) > n
λn
(An−1 + An+1 − B2n) = n
λn
5∑
k=1
τknk
5∑
k=1
τ ∗k nk
,
with τk, τ ∗k ∈ Z (k = 1, . . . , 5). Since τ5/τ ∗5 = 2/3 and limn→∞ λn/n = 1, we obtain
lim
n→∞
n
λn
(λn−1 + λn+1 − λ2n) = 23 .
This implies that in the second inequality in (33) the constant β = 2/3 is the best possible. 
In Remark 7 we compared the arithmetic and geometric means of λn−1 and λn+1 with λn. Now, we continue the study of
mean-value inequalities. First, we consider the arithmetic means of λ1, . . . , λn and λn, . . . , λn+l−1, respectively. We denote
by Hn the nth harmonic number, Hn = 1+ 1/2+ · · · + 1/n.
Theorem 10. For all integers n > 1 we have
α
n
+ 7
6
+ n
2
+ 8
405
Hn
n
<
1
n
n∑
k=1
λk 6
β
n
+ 7
6
+ n
2
+ 8
405
Hn
n
(35)
with the best possible constants
α =
∞∑
k=1
(
λk − k− 23 −
8
405k
)
= −0.0150 . . . and
β = λ1 − 683405 = −0.0080 . . . .
(36)
Proof. We define for k > 1:
χk = λk − k− 23 −
8
405k
.
Then we have for n > 1:
n∑
k=1
χk =
n∑
k=1
λk − 8405Hn −
7
6
n− 1
2
n2 = Tn, say.
Applying Lemma 1 gives for k > 2:
6∑
j=2
qj
kj
< χk <
7∑
j=2
qj
kj
=
(q2
k2
+ q3
k3
)
+
(q4
k4
+ q6
k6
)
+
(q5
k5
+ q7
k7
)
< 0, (37)
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since each sum in the brackets is negative. From the right-hand side of (37) we conclude that (Tn) is strictly decreasing for
n > 1. Thus,
lim
N→∞ TN < Tn 6 T1 = λ1 −
683
405
(n = 1, 2, . . .). (38)
Let ζ be the Riemann zeta function. Using (37) yields
∞∑
k=1
χk < χ1 +
∞∑
k=2
7∑
j=2
qj
kj
= χ1 +
7∑
j=2
qj
∞∑
k=2
1
kj
= χ1 +
7∑
j=2
qj (ζ (j)− 1) = −0.015073 . . .
and
∞∑
k=1
χk > χ1 +
∞∑
k=2
6∑
j=2
qj
kj
= χ1 +
6∑
j=2
qj
∞∑
k=2
1
kj
= χ1 +
6∑
j=2
qj (ζ (j)− 1) = −0.015080 . . . .
This leads to
∞∑
k=1
χk = −0.0150 . . . . (39)
Combining (38) and (39), it follows that (35) holds for n > 1 with the best possible constants α and β given in (36). 
Theorem 11. Let l be a (fixed) natural number. For all integers n > 1 we have
αl
n
+ n+ 3l+ 1
6
6
1
l
n+l−1∑
k=n
λk <
βl
n
+ n+ 3l+ 1
6
(40)
with the best possible constants
αl = 1l
l∑
k=1
λk − 3l+ 76 and βl =
8
405
. (41)
Proof. Let ωk = λk − k− 2/3. Then we have
1
l
n+l−1∑
k=n
λk = n+ 3l+ 16 +
hn(l)
n
, (42)
where
hn(l) = nl
n+l−1∑
k=n
ωk.
We obtain
hn+1(l)− hn(l) = 1l
l−1∑
m=0
(ωm+n+1 + n∆1ωm+n). (43)
Next, we show that
ωm+n+1 + n∆1ωm+n > 0 for m > 0, n > 1. (44)
Let k = m+ n. If k = 1, thenm = 0, n = 1. This gives
ωm+n+1 + n∆1ωm+n = 0.003 . . . .
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Let k > 2. By (3),−∆1ωk > 0. This result and Lemma 1 imply that
ωm+n+1 + n∆1ωm+n = k∆1ωk + ωk+1 −m∆1ωk > k∆1ωk + ωk+1
= (k+ 1)λk+1 − kλk − 2k− 53 > (k+ 1)ak+1 − kbk − 2k−
5
3
=
6∑
j=2
qj
(
1
(k+ 1)j−1 −
1
kj−1
)
− q7
k6
. (45)
Applying
t
k(k+ 1)t 6
1
kt
− 1
(k+ 1)t 6
t
(k+ 1)kt (k > 1, t > 1),
we get
q2
(
1
k+ 1 −
1
k
)
+ q3
(
1
(k+ 1)2 −
1
k2
)
> −kq2 + 2q3
k2(k+ 1) > 0, (46)
q4
(
1
(k+ 1)3 −
1
k3
)
− q7
k6
> −1
k
(
3q4
(k+ 1)3 +
q7
k5
)
> 0, (47)
and
q5
(
1
(k+ 1)4 −
1
k4
)
+ q6
(
1
(k+ 1)5 −
1
k5
)
> − 1
k(k+ 1)
(
4q5
(k+ 1)3 +
5q6
k4
)
> 0. (48)
Combining (45)–(48) we conclude that (44) is valid. From (43) and (44) we obtain that n 7→ hn(l) is strictly increasing for
n > 1. Thus, we get
h1(l) 6 hn(l) < lim
k→∞ hk(l) (n = 1, 2, . . .). (49)
We have
h1(l) = 1l
l∑
k=1
λk − 3l+ 76 . (50)
Applying (4) leads to the estimates
8k
405(k+ l− 1) −
64
5103k
6 hk(l) 6
8
405
.
Thus,
lim
k→∞ hk(l) =
8
405
. (51)
From (42) and (49)–(51) we get that (40) holds for all n > 1 and that the constants αl and βl, as given in (41), are the best
possible. 
We conclude with two sharp double-inequalities for the geometric and harmonic means of λ1, . . . , λn.
Theorem 12. For all integers n > 2 we have
1
e
n1+α/n <
n∏
k=1
λ
1/n
k 6
1
e
n1+β/n (52)
with the best possible constants
α = 7
6
and β = 2+ log(λ1λ2)
log 2
− 2 = 3.0514 . . . . (53)
Proof. Let β be the number defined in (53). If n = 2, then the sign of equality holds on the right-hand side of (52). By direct
computation we conclude that this inequality is also true for n = 3. Next, let n > 4. Using (4) we obtain λk < k + 1 for
k > 1. This implies
n∑
k=1
log λk <
n∑
k=1
log(k+ 1) <
∫ n+1
1
log(x+ 1)dx = (n+ 2) log(n+ 2)− n− 2 log 2. (54)
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Let
u(x) = (x+ 3) log x− (x+ 2) log(x+ 2)+ 2 log 2.
A short calculation reveals that u is positive on [4,∞), so that (54) yields
n∑
k=1
log λk < (n+ 3) log n− n < (n+ β) log n− n.
This proves the second inequality in (52).
Using (1) and
log(1+ t) > 2t
2+ t (t > 0),
we get for n > 2:
n∑
k=1
log λk >
n∑
k=1
log
(
k+ 2
3
)
>
n∑
k=1
(
log k+ 2
3k+ 1
)
= log0(n+ 1)+ 2
n∑
k=1
1
3k+ 1
> log0(n+ 1)+ 2
∫ n+1
1
1
3t + 1dt = log0(n+ 1)+
2
3
log(3n+ 4)− 4
3
log 2. (55)
We define for t > 0:
v(t) = log0(t + 1)+ 2
3
log(3t + 4)+ t −
(
t + 7
6
)
log t − 4
3
log 2. (56)
Let ψ = 0′/0 be the logarithmic derivative of Euler’s gamma function. Applying
ψ(t + 1) = ψ(t)+ 1
t
and ψ(t) < log t − 1
2t
(t > 0)
(see [9, p. 258], [10]), we get
v′(t) = ψ(t + 1)+ 2
3t + 4 − log t −
7
6t
< − 8
3t(3t + 4) < 0.
Thus, v is strictly decreasing on (0,∞), so that we obtain
v(t) > lim
s→∞ v(s) (t > 0). (57)
Let s > 0 and
w(s) = log0(s)+ s− (s− 1/2) log s. (58)
Then we have
v(s) = w(s)+ 2
3
log(3+ 4/s)− 4
3
log 2.
Since
lim
s→∞w(s) =
1
2
log(2pi) (59)
(see [9, p. 257]), we get
lim
s→∞ v(s) =
1
2
logpi + 2
3
log 3− 5
6
log 2 = 0.72 . . . . (60)
From (57) and (60) we conclude that v is positive on (0,∞). Combining this result with (55) and (56) we obtain the first
inequality in (52) with α = 7/6.
We assume (for a contradiction) that there exists a number α∗ > 7/6 such that we have for n > 2:
1
e
n1+α
∗/n 6
n∏
k=1
λ
1/n
k .
Using (4) and
log(t + 1) < t (t > 0)
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gives
α∗ 6
1
log n
(
n+
n∑
k=1
log λk
)
− n < 1
log n
[
n+
n∑
k=1
(
log k+ 2
3k
+ 8
405k2
)]
− n
= w(n)
log n
+ 1
2
+ 2Hn
3 log n
+ 8
405 log n
n∑
k=1
1
k2
, (61)
wherew is defined in (58). Applying (59) and
lim
n→∞
Hn
log n
= 1,
we conclude from (61) that α∗ 6 7/6. A contradiction! This implies that α = 7/6 is the best possible constant in the first
inequality of (52). 
Theorem 13. For all integers n > 1 we have
2n
β + log(405n2 + 1080n+ 683) <
(
1
n
n∑
k=1
1
λk
)−1
6
2n
α + log(405n2 + 1080n+ 683) (62)
with the best possible constants
α = 2
λ1
− log 2168 = −6.489 . . . and
β = 2
∞∑
k=1
(
1
λk
− 1
k
)
+ 2γ − log 405 = −6.379 . . . .
(63)
Here, γ = 0.577 . . . denotes Euler’s constant.
Proof. We define for n > 1:
κn = 405n2 + 1080n+ 683 and µn = 2
n∑
k=1
1
λk
− log κn.
Applying (4) yields
µn+1 − µn = log κn − log κn+1 + 2
λn+1
> log κn − log κn+1 + 2Bn+1
= log 405n
2 + 1080n+ 683
405n2 + 1890n+ 2168 + 2
(
n+ 5
3
+ 8
405(n+ 1)
)−1
= Y (n), say. (64)
Let x > 1 be a real number. By differentiation we obtain
Y ′(x) = − 36 450 (1215x
3 + 3645x2 + 2031x− 559)
(405x2 + 1890x+ 2168)(405x2 + 1080x+ 683)2 < 0.
This leads to
Y (x) > lim
t→∞ Y (t) = 0. (65)
From (64) and (65) we conclude that (µn) is strictly increasing for n > 1. Thus,
2
λ1
− log 2168 = µ1 6 µn < lim
k→∞µk (n = 1, 2, . . .). (66)
Since
µn = 2φn + 2γn − log 405− log κn405n2 ,
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with
φn =
n∑
k=1
(
1
λk
− 1
k
)
and γn =
n∑
k=1
1
k
− log n,
we get
lim
n→∞µn = 2
∞∑
k=1
(
1
λk
− 1
k
)
+ 2γ − log 405. (67)
From (66) and (67) it follows that (62) holds for all n > 1 with the best possible constants α, β given in (63).
It remains to show that β = −6.379 . . . . Let
φ =
∞∑
k=1
(
1
k
− 1
λk
)
.
Lemma 1 yields
φ >
105∑
k=1
(
1
k
− 1
ak
)
= 0.765 . . . . (68)
To find an upper bound for φ we apply (4). Then we get
φ 6
3∑
k=1
(
1
k
− 1
λk
)
+
∞∑
k=4
(
1
k
− 1
Bk
)
= c1 + 23 c2 +
8
405
c3, (69)
where
c1 =
3∑
k=1
(
1
k
− 1
λk
)
, c2 =
∞∑
k=4
1
(k+ a)(k+ b) , c3 =
∞∑
k=4
1
k(k+ a)(k+ b) ,
with
a = 1
3
+
√
185
45
and b = 1
3
−
√
185
45
.
We obtain
c2 = 974
√
185(ψ(t1)− ψ(t2)), c3 = −148516 +
405
8
γ + t∗1ψ(t1)+ t∗2ψ(t2)
with
t1 = 133 +
√
185
45
, t2 = 133 −
√
185
45
,
t∗1 =
405
16
− 1215
592
√
185, t∗2 =
405
16
+ 1215
592
√
185,
(see [11, pp. 655,665]). Using (69) leads to
φ 6 0.76522 . . . . (70)
Estimates (68) and (70) yield
−6.37991... 6 β = −2φ + 2γ − log 405 6 −6.37945 . . . .
Hence, β = −6.379 . . . . 
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